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1. Introduction
Flag manifolds have been intensively studied because of their beautiful interplay between
geometry and topology [2, 7, 11, 12, 20, 21, 23]. A real flag manifold is an orbit of the isotropy
representation of a connected, simply connected, semisimple Riemannian symmetric space.
A complex flag manifold is an orbit of the adjoint representation of a connected, compact,
semisimple real Lie group with trivial centre. The manifolds of partial flags of linear subspaces
in a real or complex vector space, and in particular real and complex Grassmann manifolds,
are examples of flag manifolds. Real and complex flag manifolds are also known as R- and
C-spaces, respectively. Note that every complex flag manifold can also be viewed as a real flag
manifold.
In [4] Chen and Nagano introduced a numerical invariant associated to any compact Rie-
mannian manifold M as the maximal possible cardinality of the subsets A ⊂ M such that for
any pair of points x and y in A there exists a closed geodesic γ in M on which x and y are
antipodal, i.e. γ : [0, 2b] → M is a closed geodesic of length 2b so that x = γ (0)and y = γ (b).
This Riemannian invariant, called the “2-number” of M and denoted by #2(M), seems to be very
difficult to compute except for compact symmetric spaces. For a connected compact symmetric
space M the 2-number #2(M) coincides with the maximal possible cardinality of the so-called
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2-sets A2 ⊂ M with the property that for each x ∈ A2 the symmetry sx of M fixes every point
of A2. Takeuchi [20] discovered a topological interpretation of the 2-number for symmetric
R-spaces. More precisely, he proved that
#2(M) = dim H∗(M,Z2)
for all symmetric R-spaces M .
It is well-known that for every complex flag manifold MC there exists a positive integer
k0 = k0(MC)  2 such that for each integer k  k0 there exists a k-symmetric structure
{θ(k)x | x ∈ MC} on MC (see [9, 14] and Section 3). Such a k-symmetry θ(k)x is an isometry of
MC of order k for which x is an isolated fixed point. In [17] Sanchez defined the “k-number”
#k(MC) of a complex flag manifold MC as the maximal possible cardinality of the so-called
k-sets Ak ⊂ MC with the property that for each x ∈ Ak the symmetry θ(k)x fixes every point of
Ak . Moreover, he proved that
#k(MC) = dim H∗(MC,Z2)
for each complex flag manifold MC. If k = 2 then MC is a Hermitian symmetric space and one
gets again Takeuchi’s result for the special case of symmetric C-spaces.
Each real flag manifold M can be isometrically embedded into a complex flag manifold MC,
the so-called complexification of M . Using this fact Sanchez [18] defined the index p of M as
the smallest prime number p  k0(MC), and the index number #I (M) of M as the maximal
possible cardinality of the so-called p-sets Ap ⊂ M with the property that for each x ∈ Ap the
symmetry θ(p)x in the p-symmetric structure on MC fixes every point of Ap. In [18] Sanchez
proved that
#I (M) = dim H∗(M,Z2)
for any real flag manifold M . Clearly, #I (M)  #p(MC). Note that #I (MC) = #k(MC) for all
k  k0(MC) if MC is a complex flag manifold and #I (M) = #2(M) if M is a symmetric R-space.
Our aim is to give an interpretation and alternative proofs of these results in the framework of
symplectic topology and Morse theory. The relation to symplectic topology comes from the fact
that every complex flag manifold can be realized as a coadjoint orbit of a connected, compact,
semisimple real Lie group and hence carries a natural symplectic structure [10]. If G/K is a
connected, simply connected, semisimple symmetric space and g = k⊕ p is the corresponding
Cartan decomposition of the Lie algebra g of G, then the height functions in p restricted to a
real flag manifold (an orbit of the isotropy representation of G/K on p) are generically Morse
functions. This indicates the relation to Morse theory.
The relation between symplectic topology and Morse theory in this context comes from the
fact that a real flag manifold M can be realized as a connected component of the fixed point set
of an antisymplectic involution on its complexification MC. The main tools in our studies are
the moment mappings of Hamiltonian torus actions and the convexity theorems by Atiyah [1],
Guillemin-Sternberg [8] and Kostant [13] for such actions on compact symplectic manifolds
and by Duistermaat [5] on fixed point sets of antisymplectic involutions on such manifolds.
Using these convexity properties we give alternative proofs of the results of Sanchez and
show that the k-sets Ak ⊂ MC (resp. Ap ⊂ M) with cardinality #k(MC) (resp. #I (M)) are the
On index number and topology of flag manifolds 83
orbits of the Weyl group of the corresponding symmetric space (see Theorem 3.3). Moreover,
we prove that the intersection of the fixed point sets of all k-symmetries for all k  k0 at a point
x of a complex flag manifold coincides with the critical point set of the height function with
respect to x (see Theorem 3.4).
In [3] Chen remarked that the 2-number of a symmetric space M seems to be closely related
to the smallest number of cells that are needed for a CW-complex structure on M . By direct
computation one sees that #2(M) is in fact equal to the smallest number of cells needed to have
a CW-complex structure of M if M is a sphere, a real projective space or a Hermitian symmetric
space. We prove here (see Theorem 3.3) that the index number #I (M)of a real flag manifold M
coincides with the smallest number of cells that are needed for a CW-complex structure on M .
Moreover, #I (M) is the number of cells of the Bruhat decomposition of M which is determined
by the above generic height functions.
We are grateful to Hiroshi Tamaru for useful discussions and helpful comments.
2. Real and complex flag manifolds
Let G/K be a Riemannian symmetric space of non-compact type, where G is the identity
component of the full isometry group of the space and K the isotropy group at some point o.
Consider the corresponding Cartan decomposition g = k ⊕ p of the Lie algebra g of G, and
consider p as a Euclidean vector space equipped with the inner product 〈·, ·〉given by restricting
the Killing form of g to p. The isotropy representation of G/K on ToG/K is equivalent to the
restriction to K of the adjoint representation of G,
Ad : K → O(p),
by identifying ToG/K andp in the usual way. Each orbit Ad(K )·H , H ∈ p, of this representation
is called a real flag manifold and can be regarded as an embedded submanifold of the Euclidean
space p. As a homogeneous space, a real flag manifold can be identified with M = K/K H ,
where
K H = {k ∈ K | Ad(k)(H) = H}
is the centralizer of H in K . Throughout this paper the Riemannian metric on M will be the
one which is induced from the Euclidean space p.
A complex flag manifold is an orbit of the adjoint representation of a connected compact
real semisimple Lie group with trivial center. Since any such Lie group is a Riemannian sym-
metric space of compact type, and as the isotropy representations of a dual pair of Riemannian
symmetric spaces are equivalent, we see that every complex flag manifold is also a real flag
manifold.
Let GC = U BV be an Iwasawa decomposition of the complexification GC of G. Note that U
is a real form and a maximal compact subgroup of GC. The real form G of GC is the connected
component through the identity of the fixed point set of the complex conjugation τ on GC.
Both B and V are τ -invariant subgroups of GC. If A and N denote the connected component
through the identity of the fixed point set of τ in B and V, respectively, then G = KAN is an
Iwasawa decomposition of G. Let C be the complexification of B in GC and put S = C ∩ U .
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Then C is a Cartan subgroup of GC and S is a maximal torus in U . The Lie algebra s of S is
equal to ib, where b denotes the Lie algebra of B.
Any complex flag manifold arising from the adjoint representation of U can be identified
with U/UH for some H ∈ b, where UH is the centralizer of H in U . It is clear that U/UH is
isomorphic to the complex homogeneous space GC/PC, where the parabolic subgroup PC =
UH BV of GC contains the Borel subgroup CV of GC. In this way we get the well-known
realization of a complex flag manifold as a complex semisimple Lie group modulo a parabolic
subgroup.
By conjugacy of maximal abelian subalgebras in p, every real flag manifold arising from
the isotropy representation of G/K is of the form Ad(K ) · H with some H ∈ a. The isotropy
representation of G/K on p is equivalent to the adjoint representation of K on ip. For this
reason the orbits M = Ad(K ) · H and Ad(K ) · i H are isomorphic for all H ∈ a. Thus the orbit
Ad(K ) · i H = K/Ki H is a real flag manifold as well, isomorphic to K/K H .
Let H ∈ a ⊂ b. Then P = K H AN is a real parabolic subgroup of G, because UH BV
is the complexification of P . This shows that M is isomorphic to G/P and exhibits MC =
U/UH = GC/PC as its complexification. Using this complexification one gets M as the
connected component through K H of the fixed point set of the complex conjugation on MC. It
is also clear from the construction that M is isometrically embedded in MC (see also [18]).
3. Convexity and topology of flag manifolds
Recall from Section 2 that every complex flag manifold can be viewed as an adjoint orbit
Ad(U ) · H of a compact Lie group U with some H ∈ s, where s is maximal abelian subalgebra
of u. Kostant [13] proved the convexity property
prs(Ad(U ) · H) = convex hull of (W · H)
where prs : u → s is the orthogonal projection with respect the Killing form of u and W is
the Weyl group associated to the pair (u, s). Later Atiyah [1] and Guillemin and Sternberg [8]
gave an interpretation of Kostant’s theorem as a special case of a theorem on the image of the
momentum mapping of a Hamiltonian torus action on a symplectic manifold.
A real flag manifold M can be viewed as a connected component of the fixed point set
of an involution τ on its complexification MC, which is a symplectic manifold (see below).
Duistermaat [5] proved a convexity theorem for fixed point sets of involutions τ on symplectic
manifolds (N , ω) which satisfy τ ∗ω = −ω, so-called antisymplectic involutions.
In order to explain this in more detail we briefly recall some notions from symplectic ge-
ometry. A symplectic manifold is a smooth manifold N equipped with some non-degenerate
2-form ω. A smooth function f on a symplectic manifold N defines a Hamiltonian vector field
X f by ω(X f , ·) = −d f . The Poisson bracket of two smooth functions f and g on N is defined
by { f, g} = dg(X f ). A smooth action of a torus T on N which preserves the form ω is called
Hamiltonian if there exists a linear map X → fX from the Lie algebra t of T to the real vector
space of all smooth functions on N such that
(a) for each X ∈ t the induced infinitesimal vector field X˜ on N is equal to the Hamiltonian
vector field X fX ;
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(b) { fX , fY } = 0 for all X, Y ∈ t.
Note that, in view of (a), property (b) is equivalent to d fY (˜X) = 0 for all X, Y ∈ t, which means
that each fY is constant along the T -orbits in N .
The mapping µ : N → t∗ defined by
µ(n)(X) = fX (n), n ∈ N , X ∈ t,
is called the momentum mapping of the Hamiltonian T -action.
Theorem 3.1. [1, 8] If (N , ω) is a compact symplectic manifold and T is a torus acting on N
in a Hamiltonian way then
(i) µ(F) is finite, where F is the fixed point set of the T -action on N ;
(ii) µ(N ) is the convex hull of µ(F);
(iii) dim H∗(N ,Z) = dim H∗(CX ,Z) for all X ∈ t, where CX is the critical point set of fX .
If N is equipped with an antisymplectic involution τ , Duistermaat [5] proved the following
Theorem 3.2. [5] Let (N , ω) be a compact symplectic manifold and T a torus acting on N in
a Hamiltonian way. Suppose that there is an antisymplectic involution τ on N with non-empty
fixed point set Q such that fX ◦ τ = fX for all X ∈ t. Then µ(Q) = µ(N ) is a convex polytope
and dim H∗(Q,Z2) = dim H∗(CX ,Z2) for all X ∈ t, where CX is the set of critical points of
fX |Q.
The statements remain true if Q is replaced by any connected component Q0 of Q.
We now show how complex flag manifolds fit into this framework. Let U be a connected
compact semisimple Lie group with Lie algebra u and denote by Ad∗ the coadjoint action
of U on u∗ given by Ad∗(g)(ξ) = Ad(g)∗(ξ) for all g ∈ U and ξ ∈ u∗. The coadjoint orbit
N = Ad∗(U ) · ξ of U through ξ ∈ u∗ can be identified with the homogeneous space U/Uξ ,
where
Uξ = {g ∈ U | Ad(g)∗(ξ) = ξ}
is the stabilizer of U at ξ with Lie algebra
uξ = {X ∈ u | ad(X)∗(ξ) = 0}.
The symmetric bilinear form ωξ on Tξ N = u/uξ defined by
ωξ(X + uξ , Y + uξ ) = ξ([X, Y ]), X, Y ∈ u,
extends in a unique way to a U -invariant symplectic form ω on N [10]. If U/UH is a complex
flag manifold as described in Section 2 and if we define ξ ∈ s∗ by
ξ(Z) = 〈i H, Z〉, Z ∈ s,
where the inner product is given by the negative of the Killing form of u, then UH = Uξ . This
yields an isomorphism between the coadjoint orbit Ad∗(U ) · ξ and the adjoint orbit Ad(U ) · H ,
and shows that every complex flag manifold can be equipped with a symplectic structure.
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If S is a torus in U then its action on N is Hamiltonian and its momentum mapping µ :
N → s∗ is equal to the orthogonal projection u∗ → s∗ restricted to N . The image µ(N ) of N
under the momentum mapping is the convex hull of µ(F), where F is the fixed point set of the
action of S on N . It is known that µ(F) = N ∩ s∗. If, in particular, S is a maximal torus in U
then N ∩ s∗ is an orbit of the Weyl group W of the pair (u, s) acting on s∗ in the canonical way.
Note that W can be obtained as the finite group generated by the orthogonal reflections in the
hyperplanes in s∗ determined by a set of simple roots of u in s∗.
We consider again a real flag manifold M = K/K H , H ∈ a, as described in Section 1. The
height functions
fH ′,H : M = K/K H → R, kK H → 〈H ′, Ad(k)(H)〉, H ′ ∈ a
are very useful for describing the topology of M . A point kK H ∈ M is critical for fH ′,H if
and only if [H ′, Ad(k)(H)] = 0. So the critical set of fH ′,H is K H ′ · (W · H), where W is the
Weyl group of K with respect to a, i.e. the normalizer of a in K modulo the centralizer of
a in K [6]. In particular, if H ′ is a regular element of a, the critical set of fH ′,H is the finite
set W · H = (Ad(K ) · H) ∩ a. In this case all critical points of fH ′,H are non-degenerate
and thus fH ′,H is a Morse function on M [2, 5]. In general the Hessian of fH ′,H is non-
degenerate transversally to the critical manifold and thus fH ′,H is a Morse–Bott function. Bott
and Samelson [2], in the case of complex flag manifolds, and Kobayashi and Takeuchi [11, 19]
(see also [6] and [12]) for real flag manifolds, proved that for regular H ′ the height function
fH ′,H is aZ2-perfect Morse function, i.e. the number of critical points of index ν coincides with
the ν-th Betti number with respect to Z2. In the terminology of Kuiper [15], the embedding
kK H → Ad(k)H of the flag manifold K/K H into p is tight. So #(Ad(K ) · H)∩ a = #W/WH
is equal to the sum of the Betti numbers of the Z2-homology of M , i.e.
#(Ad(K ) · H) ∩ a = dim H∗(M,Z2).
We shall now prove the following
Theorem 3.3. If MC = Ad(U ) · i H = U/Ui H is the complexification of the real flag manifold
M = Ad(K ) · i H and µ is the momentum mapping with respect to the Hamiltonian action of
the maximal torus S = C ∩ U of U on MC, then µ(F) is a k-set, where F is the fixed point set
of the S-action on MC. In particular,
#k(MC) = dim H∗(MC,Z2) = dim H∗(CX ,Z2),
where CX is the critical set of the Hamiltonian function fX on MC and X ∈ s.
Moreover, if µ′ is the momentum mapping with respect to the Hamiltonian action of the torus
T with Lie algebra t = ia on MC, then µ′(MC) = µ′(M) is the convex hull of a p-set Ap ⊂ M
and, in particular,
#I (M) = dim H∗(M,Z2) = dim H∗(C ′X ,Z2),
where C ′X is the critical set of fX |M and X ∈ t.
Proof. Since s = ib is a Cartan subalgebra of u which contains the centre of ui H , the inte-
grability of the complex structure on MC (with respect to s) implies that there exists a system
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{α1, . . . αq} of simple roots of u such that {αr+1, . . . , αq} is a system of simple roots of ui H
(see also [24]). Let H1, . . . , Hq ∈ s be the dual basis of α1, . . . , αq , let
∑q
i=1 miαi be the
corresponding maximal root, and define
k0 := 1 +
r∑
i=1
mi .
For k  k0 we define
g(k) := exp(2kπ Z) ∈ U with Z =
r∑
i=1
Hi ,
where exp : u → U is the Lie exponential map of u. Jime´nez [9] has shown that g(k) is an
element of Ui H and the map
θ(k) : U/Ui H → U/Ui H , uUi H → (g(k)u(g(k))−1) Ui H
is a k-symmetry of MC = U/Ui H at i H . Moreover, the differential of θ(k) at i H is the identity
on s and preserves all root spaces. Thus we have seen that there exists an integer k0  2 such
that MC is a k-symmetric space for all k  k0. Moreover, by construction, the set MC ∩ s has
the property that for each x ∈ MC ∩ s the k-symmetry fixes every point of MC ∩ s. By [18,
Lemma 5] any k-set is contained in a Cartan subalgebra of MC, so MC ∩ s is a k-set. Hence the
cardinality of M ∩ s is equal to #k(MC) (cf. [17, 18]). The cardinality of MC ∩ s is also equal
to the order of W/Wi H , where W is the Weyl group of U with respect s, and therefore equal to
the sum of the Betti numbers of the Z2-homology of MC. Note that MC has no torsion, so
Z2-homology may be substituted by Z-homology. The first part of the theorem then follows
from Theorem 3.1.
For the proof of the second part of the theorem, by [18] the cardinality of M ∩ s is equal to
the index number #I (M). But we have
M ∩ s = (Ad(K ) · i H) ∩ ia.
As we have seen above, #(Ad(K ) · i H) ∩ ia = dim H∗(M,Z2). Then, by Theorem 3.2,
µ′(MC) = µ′(M) is the convex hull of µ′(F ′), where F ′ is the fixed point set of the T -action
and thus of #I (M) points. The statement then follows from Theorem 3.2. 
Remark 1. An easy consequence of the previous theorem is that
#I (M) ≡ χ(M)(mod 2),
where χ(M) denotes the Euler characteristic of M .
Remark 2. Regarding MC as Ad(U ) · i H , the k-symmetry θ(k) at i H defined in the above
proof coincides with the map
θ(k) : MC → MC, q → Ad(g(k)) q.
Without loss of generality we may choose the adjoint orbit and H in such a way that i H = Z ,
where Z = H1 + . . . + Hr is as in the proof of Theorem 3.3. Observe that, by the description
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of the critical set of the height functions, a critical point q of fi H,i H satisfies [ i H, q] = 0 and
thus is a fixed point of θ(k) for all k  k0. Therefore we have
Ui H · (W · i H) = critical set of fi H,i H ⊂
⋂
kk0
fixed point set of θ(k).
Conversely, if q is fixed by all θ(k) then
q = Ad(g(k))lq = q + l
k
ad(2kπ i H) q + 1
2
l2
k2
ad(2kπ i H)2q + · · ·
holds for all k  k0 and l  k. By continuity, ad(i H)q = [ i H, q] = 0 and q is critical for
fi H,i H . Thus we have proved the following
Theorem 3.4. In the above situation we have
Ui H · (W · i H) = critical set of fi H,i H =
⋂
kk0
fixed point set of θ(k).
Remark. This theorem generalizes the case of symmetric R-spaces, where the critical point
set of fi H,i H coincides with the fixed point set of a 2-symmetry. The connected components of
that fixed point set are known as polars [3, 20].
We can actually give a geometric characterization of the fixed point set of fi H,i H . Indeed, if
we regard MC = Ad(U ) · i H as a submanifold of u, then the normal space νi H (MC) at i H is
the union of certain normal spaces at an adjacent principal orbit, namely it is the union of the
Cartan subalgebras s′ containing i H , so
νi H (MC) =
⋃
i H∈ s′
s′ = Ui H · s.
Hence
critical set of fi H,i H = Ui H · (W · i H) = Ui H · (s ∩ MC) = (Ui H · s) ∩ MC
= νi H (MC) ∩ MC.
4. CW-complex and index number
In this section we relate the index number with the CW-complex decomposition of flag
manifolds determined by the height functions. This decomposition is called the Bruhat decom-
position and can also be described in terms of gradient flows and their stable and unstable
manifolds (cf. [6, 22]).
In general, a topological space X has the structure of a finite CW-complex if there is a
sequence
X0 ⊆ X1 ⊆ X2 ⊆ · · · Xn = X
of closed subspaces such that X0 is discrete and Xk is obtained from Xk−1 by adjunction of a
finite number of k-cells (see for instance [16]). The space Xi is called the i-skeleton of X .
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Recall that for the real flag manifolds M = K/K H = Ad(K ) · H the Morse functions fX,H
and the stable manifolds are in the nicest possible position for this purpose. The number of
critical points of fX,H is equal to #W/WH = #I (K/K H ). Each point of W/WH determines
a stable (and an unstable) manifold and M is the disjoint union of stable (resp. unstable)
manifolds.
The Bruhat decomposition provides the flag manifold K/K H with the structure of a CW-
complex. In this case the n-skeleton Xn is defined as the union of the Bruhat cells of dimension
 n.
Recall also that the homology of a CW-complex (with respect to any coefficient ring R) can
be computed by means of the so-called CW-homology complex
(C˜n, ∂˜) = (Hn(Xn, Xn−1), ∂˜),
where the relative homology Hn(Xn, Xn−1) is isomorphic (by excision) to the free R-module
with words the cells of dimension n and the boundary map ∂˜ is the composition of the bound-
ary map of the exact sequence of the pair (Xn, Xn−1) with the natural homomorphism map
Hn−1(Xn−1) → Hn−1(Xn−1, Xn−2) induced by the inclusion (Xn−1, ∅) → (Xn−1, Xn−2).
Kocherlakota [12] gave an algorithm for the computation of the integral homology of a
real flag manifold M , using the restricted root system of the corresponding symmetric pair of
compact type (g, k). The starting idea for this algorithm is that the height function fX,H is a
Morse function if X is a regular element in the positive Weyl chamber. Its critical points are
given precisely by the orbit W · H and the index of a critical point x is given by the number of
roots (counted with multiplicities) corresponding to root hyperplanes which are crossed by the
line segment joining x and H . The algorithm is as follows. Let Wi H be the set of points in W · H
of index i and letCi be the freeZ-module generated by Wi H . Note that each cell of codimension
i in the Bruhat decomposition of M induced by the restricted root space decomposition contains
exactly one point of Wi H . Kocherlakota [12] constructed a boundary map ∂ : Ci → Ci−1 by
∂(x) =
∑
ϕ∈Wi−1 H
cxϕϕ,
where cxϕ is a matrix determined by the action of the Weyl group. What turns out very useful is
that cxϕ is either zero or ±2. Therefore the complex {Ci ⊗Z2}has clearlyCi ⊗Z2 asZ2-homology
in dimension i .
Note that, since the decompositions associated to the Morse function and the Bruhat de-
composition coincide, the homology classes are defined by the closure Cl(S+w ) of the stable
manifolds S+w , [w] ∈ W/WH . Moreover, the closure of the unstable manifolds define their
Poincare´ dual (in the Z2-homology - cf. [6, 12]).
Theorem 4.1. The index number #I (K/K H )coincides with the smallest number of cells needed
to have a CW-complex structure of K/K H .
Proof. From Theorem 3.3 we know that K/K H is the disjoint union of #I (K/K H ) Bruhat
cells, which provide a CW-complex structure on K/K H . We have to prove that #I (K/K H ) is
the minimal number of cells in a CW-complex structure on K/K H . Indeed, if X is another
CW-complex structure on K/K H , this determines a CW-homology complex {C˜i ⊗ Z2}. On
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the other hand, we have the complex {Ci ⊗ Z2} defined by Kocherlakota, which has the same
Z2-homology but, since its boundary maps are zero in Z2, as remarked above, has necessarily
less cells in any dimension than {C˜i ⊗ Z2}. 
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